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© 2005 ã. Î. À. ÔÈÍÜÊÎ, êàíä. òåõí. íàóê(Êðàñíîäàð)ÌÎÄÓËß�ÍÛÅ ÔÎ�ÌÛ ÑÈÑÒÅÌ k-ÇÍÀ×ÍÛÕÔÓÍÊÖÈÉ ÀË�ÅÁ�Û ËÎ�ÈÊÈÈññëåäîâàíû ìåòîäû ðåàëèçàöèè k-çíà÷íûõ �óíêöèé àëãåáðû ëîãèêè ïî-ñðåäñòâîì ìîäóëÿðíûõ�îðì àðè�ìåòè÷åñêèõ ïîëèíîìîâ, ïîñòðîåííûõ íà îñíî-âå ïðèíöèïà �âçâåøèâàíèÿ� ÷èñëàìè ki (i = 0, 1, 2 . . .). �àññìîòðåíû ìîäó-ëÿðíûå ïîëèíîìèàëüíûå è ìàòðè÷íûå (òåîðåòèêî-÷èñëîâûå) ïðåîáðàçîâàíèÿ,êîòîðûå çàòåì îáîáùåíû íà ñëó÷àé ðåàëèçàöèè ñèñòåì k-çíà÷íûõ �óíêöèé.Ïðåäëîæåí íîâûé ïðèíöèï ñèíòåçà ìîäóëÿðíîé �îðìû îäíîãî àðè�ìåòè÷åñêî-ãî ïîëèíîìà äëÿ ðåàëèçàöèè ñèñòåì k-çíà÷íûõ �óíêöèé íà îñíîâå Êèòàéñêîéòåîðåìû îá îñòàòêàõ. Ïîëó÷åííûå ðåçóëüòàòû îáåñïå÷èâàþò ïðåèìóùåñòâà ïîñëîæíîñòè àíàëèòè÷åñêîãî îïèñàíèÿ è ðåàëèçàöèè k-çíà÷íûõ �óíêöèé.1. ÂâåäåíèåÎáðàáîòêà k-çíà÷íûõ �óíêöèé àëãåáðû ëîãèêè (ÔÀË) èìååò ìíîãî÷èñëåííûåïðèëîæåíèÿ â ñèñòåìàõ óïðàâëåíèÿ ñëîæíûìè òåõíè÷åñêèìè îáúåêòàìè, ñèñòåìàõàâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ (ñèíòåç è àíàëèç äèñêðåòíûõ óñòðîéñòâ) èí-òåãðàëüíûõ ñõåì è äð. [1℄.Ý��åêòèâíîñòü ðåàëèçàöèè ÔÀË ñóùåñòâåííî îïðåäåëÿåòñÿ âûáîðîì ñïîñîáààíàëèòè÷åñêîãî îïèñàíèÿ ÔÀË. Òàê, ðÿä âàæíûõ ïðåèìóùåñòâ, â ÷àñòíîñòè ïî ââå-äåíèþ ðàçëè÷íûõ �îðì ïàðàëëåëèçìà ëîãè÷åñêèõ âû÷èñëåíèé ïðè ðåàëèçàöèè ÔÀËñðåäñòâàìè ñåðèéíîé âû÷èñëèòåëüíîé òåõíèêè îáùåãî íàçíà÷åíèÿ è ìàëîãàáàðèò-íûìè ñïåöèàëèçèðîâàííûìè ïðîöåññîðàìè, ïîçâîëÿþò ïîëó÷èòü ìåòîäû îïèñàíèÿÔÀË àðè�ìåòè÷åñêèìè ïîëèíîìàìè [2�6℄.Ýòè ïðåèìóùåñòâà ñòèìóëèðîâàëè äàëüíåéøåå ðàçâèòèå àðè�ìåòè÷åñêèõ �îðìïðåäñòàâëåíèÿ è ðåàëèçàöèè ÔÀË, â ÷àñòíîñòè íà îñíîâå ïðèâëå÷åíèÿ òåîðåòèêî-÷èñëîâûõ ìåòîäîâ öè�ðîâîé îáðàáîòêè ñèãíàëîâ. Òàê, â [7, 8℄ ââåäåíû ìîäóëÿðíûå�îðìû àðè�ìåòè÷åñêîãî îïèñàíèÿ è ðåàëèçàöèè ñèñòåì áóëåâûõ �óíêöèé, êîòî-ðûå ïîçâîëèëè, ñ îäíîé ñòîðîíû, óìåíüøèòü ñëîæíîñòü ïîëèíîìèàëüíîãî îïèñàíèÿñèñòåì áóëåâûõ �óíêöèé, à ñ äðóãîé � ïîëó÷èòü íîâûå �îðìû ïàðàëëåëèçìà ëîãè-÷åñêèõ âû÷èñëåíèé.Â ýòîé ðàáîòå ïðåäëàãàåòñÿ: 1) îáîáùåíèå ïðèìåíåíèÿ ìåòîäîâ ìîäóëÿðíîé àðè�-ìåòèêè íà îáëàñòü k-çíà÷íûõ ÔÀË; 2) èññëåäîâàíèå ðåàëèçàöèè ñèñòåìû k-çíà÷íûõ�óíêöèé â �îðìå îäíîãî àðè�ìåòè÷åñêîãî ïîëèíîìà, ïîñòðîåííîãî íà îñíîâå Êè-òàéñêîé òåîðåìû îá îñòàòêàõ.2. �åàëèçàöèÿ îäíîé ëîãè÷åñêîé �óíêöèè îäíèì àðè�ìåòè÷åñêèì ïîëèíîìîì2.1. Ïîëèíîìèàëüíàÿ àðè�ìåòèêà k-çíà÷íîé ëîãèêèÏîä ìíîãîçíà÷íîé ÔÀË f(X) îò n ïåðåìåííûõ X = x1, x2, . . . , xn áóäåì ïî-íèìàòü ëîãè÷åñêóþ �óíêöèþ, çàäàííóþ íà ìíîæåñòâå {0, 1, . . . , k − 1}, çíà÷åíèÿàðãóìåíòîâ êîòîðîé ïðèíàäëåæàò ýòîìó æå ìíîæåñòâó, ãäå k � çíà÷íîñòü ÔÀË.66
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�èñ. 1. Ñõåìà âû÷èñëåíèÿ ïðîèçâîëüíîé k-çíà÷íîé ÔÀË íàä Q.
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Вычисление арифметического полинома P(X )  над    
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�èñ. 2. Ñõåìà âû÷èñëåíèÿ çàäàííîé k-çíà÷íîé ÔÀË íàä Q.Èçâåñòíî, ÷òî ëþáóþ ìíîãîçíà÷íóþ ÔÀË ìîæíî ïðåäñòàâèòü â âèäå àðè�ìåòè-÷åñêîãî ïîëèíîìà [4℄:
Y = P (X) =

kn
−1∑

i=0

pi xi1
1 xi2

2 . . . xin

n ,(1)ãäå Y � ÷èñëîâîå çíà÷åíèå, ïðèíèìàåìîå ïîëèíîìîì P (X); pi � êîý��èöèåíòû òà-êèå, ÷òî pi ∈ Q (Q � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë); X = x1, x2, . . . , xn � àðãó-ìåíòû ÔÀË, xu ∈ {0, 1, . . . , k − 1} (u = 1, 2, . . . , n); (i1 i2 . . . in)k � ïðåäñòàâëåíèåïàðàìåòðà i â k-è÷íîé ñèñòåìå ñ÷èñëåíèÿ:
(i1 i2 . . . in)k =

n∑

u=1

iukn−u (iu ∈ {0, 1, . . . , k − 1}); xiu

u =

{
xiu

u , iu 6= 0,
1, iu = 0.Ìîæíî ïîñòðîèòü äâå ñõåìû âû÷èñëåíèÿ ÔÀË ïîñðåäñòâîì àðè�ìåòè÷åñêèõ ïî-ëèíîìîâ (ðèñ. 1 è 2). Âû÷èñëåíèÿ âûïîëíÿþòñÿ íàä Q (â îòëè÷èå îò âû÷èñëåíèé âêîëüöå öåëûõ ÷èñåë ïðè ðåàëèçàöèè áóëåâûõ �óíêöèé [9℄). 3∗ 67



Òàáëèöà 1
k Kk K

−1
k2 [

1 0
−1 1

] [
1 0
1 1

]3 


2 0 0

−3 4 −1
1 −2 1








1 0 0
1 1 1
1 2 4



4 



6 0 0 0
−11 18 −9 2

6 −15 12 −3
−1 3 −3 1









1 0 0 0
1 1 1 1
1 2 4 8
1 3 9 27



5 



24 0 0 0 0
−50 96 −72 32 −6

35 −104 114 −56 11
−10 36 −48 28 −6

1 −4 6 −4 1









1 0 0 0 0
1 1 1 1 1
1 2 4 8 16
1 3 9 27 81
1 4 16 64 256



6 



120 0 0 0 0 0
−274 660 −600 400 −150 24

225 −770 1070 −780 305 −20
−85 355 −590 490 −205 35

15 −70 130 −120 55 −10
−1 5 −10 10 −5 1









1 0 0 0 0 0
1 1 1 1 1 1
1 2 4 8 16 32
1 3 9 27 81 243
1 4 16 64 256 1024
1 5 25 125 625 3125



Àíàëîãè÷íî äâîè÷íîé ëîãèêå â k-è÷íîé ëîãèêå ìîãóò áûòü îïðåäåëåíû àëãåáðàè-÷åñêèé è ìàòðè÷íûé ìåòîäû ïîñòðîåíèÿ àðè�ìåòè÷åñêîãî ïîëèíîìà (1) [4℄.Ïðÿìîå è îáðàòíîå ìàòðè÷íûå ïðåîáðàçîâàíèÿ èëè ëîãè÷åñêîå äèñêðåòíîå ïðå-îáðàçîâàíèå Ôóðüå [10℄ (ËÄÏÔ � â äàëüíåéøåì k-ËÄÏÔ) îïðåäåëÿþòñÿ ñîîòâåò-ñòâåííî âûðàæåíèÿìè
P = N−1

k,nKknY,(2)
Y = K

−1
kn P,(3)ãäå Kkn è K

−1
kn � ñîîòâåòñòâåííî ìàòðèöû ïðÿìîãî è èíâåðñíîãî àðè�ìåòè÷åñêîãîïðåîáðàçîâàíèÿ ðàçìåðíîñòè kn×kn (áàçèñ ïðåîáðàçîâàíèÿ);Y � âåêòîð èñòèííîñòè

k-çíà÷íîé ÔÀË; Nk,n � íîðìàëèçóþùèé ìíîæèòåëü;
Y =

[
Y (0) Y (1) . . . Y (kn

−1)
]T

,ãäå Y (i) � ÷èñëîâîå çíà÷åíèå, ïðèíèìàåìîå k-çíà÷íîé ÔÀË íà i-ì íàáîðå ïåðåìåííûõ(T � ñèìâîë òðàíñïîíèðîâàíèÿ ìàòðèöû), âåêòîð êîý��èöèåíòîâ (ñïåêòð) àðè�ìå-òè÷åñêîãî ïîëèíîìà (1):
P = [ p0 p1 . . . pkn

−1 ] .Ìàòðèöû Kkn è K
−1
kn , êàê è áàçèñ ïðåîáðàçîâàíèÿ äâîè÷íîé ëîãèêè, îïðåäåëÿåòñÿêðîíåêåðîâñêèì âîçâåäåíèåì â ñòåïåíü:

Kkn =

n⊗

j=1

Kk; K
−1
kn =

n⊗

j=1

K
−1
k ,ãäå Kk è K

−1
k � áàçîâûå ìàòðèöû ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ òàêèå, ÷òî

(i, j)-é ýëåìåíò K
−1
k ðàâåí ij (i, j = 0, 1, . . . , k − 1) è KkK

−1
k = Ik (ñì. òàáë. 1 � äëÿ

k = 2 . . . 6).68



Ïðèì å ð 1. Ïóñòü k = 3 è âåêòîð ïðèíèìàåìûõ çíà÷åíèé ÔÀË ïðè n = 2 èìååòâèä: Y = [ 2 0 2 1 1 1 0 1 2 ]
T. Òîãäà ïðÿìîå ïðåîáðàçîâàíèå (2) ïðèìåò âèä:

P =
1

4
K32Y =

=
1

4





4 0 0 0 0 0 0 0 0
−6 8 −2 0 0 0 0 0 0

2 −4 2 0 0 0 0 0 0
−6 0 0 8 0 0 −2 0 0

9 −12 3 −12 16 −4 3 −4 1
−3 6 −3 4 −8 4 −1 2 −1

2 0 0 −4 0 0 2 0 0
−3 4 −1 6 −8 2 −3 4 −1

1 −2 1 −2 4 −2 1 −2 1









2
0
2
1
1
1
0
1
2





=
1

4





8
−16

8
−4
22

−12
0

−6
4





x2

x2
2

x1

x1x2

x1x
2
2

x2
1

x2
1x2

x2
1x

2
2

.

Òàêèì îáðàçîì íà îñíîâàíèè (1) àëãåáðàè÷åñêàÿ �îðìà áóäåò èìåòü âèä:
P (X)=

1

4

(
8 − 16x2 + 8x2

2 − 4x1 + 22x1x2 − 12x1x
2
2 + 0x2

1 − 6x2
1x2 + 4x2

1x
2
2

)
=

= 2 − 4x2 + 2x2
2 − x1 +

11

2
x1x2 − 3x1x

2
2 −

3

2
x2

1x2 + x2
1x

2
2.Íàïðèìåð, ïóñòü x1 = 1, x2 = 2, òîãäà çíà÷åíèå ÔÀË îïðåäåëèòñÿ êàê:

P (X) =
1

4

(
8 − 16 · 2 + 8 · 22 − 4 · 1 + 22 · 1 · 2 − 12 · 1 · 22 − 6 · 12 · 2 + 4 · 12 · 22

)
=

=
1

4
4 = 1.Îáðàòíîå ïðåîáðàçîâàíèå (3) áóäåò èìåòü âèä:

Y = K
−1
32 P =





1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
1 2 4 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0
1 1 1 1 1 1 1 1 1
1 2 4 1 2 4 1 2 4
1 0 0 2 0 0 4 0 0
1 1 1 2 2 2 4 4 4
1 2 4 2 4 8 4 8 16









2
−4

2
−1
11
2

−3
0
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2
1




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2
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x1x2

x1x
2
2

x2
1

x2
1x2

x2
1x

2
2

=





2
0
2
1
1
1
0
1
2





.

Íåäîñòàòêîì ïðåäñòàâëåíèÿ (1) ÿâëÿåòñÿ âîçìîæíîñòü ïðèíÿòèÿ êîý��èöèåíòà-ìè pi (i = 0, 1, . . . , kn−1) êàê íåîòðèöàòåëüíûõ, òàê è îòðèöàòåëüíûõ çíà÷åíèé. Ýòîòðåáóåò óäâàèâàíèÿ ÷èñëîâîãî äèàïàçîíà ïî ñðàâíåíèþ ñ èñïîëüçîâàíèåì íåîòðèöà-òåëüíûõ êîý��èöèåíòîâ. Ïðè ýòîì àáñîëþòíûå çíà÷åíèÿ êîý��èöèåíòîâ è ïðîìå-æóòî÷íûõ ðåçóëüòàòîâ âû÷èñëåíèÿ (1) ìîãóò ìíîãîêðàòíî ïðåâûøàòü çíà÷åíèå k.Èçâåñòíî ïðåäñòàâëåíèå ìíîãîçíà÷íîéÔÀË ñ ïîìîùüþ ëîãè÷åñêîãî ïîëèíîìà [4℄:
Y = F (X) =

∣∣∣∣∣

kn
−1∑

i=0

fi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
k

,(4)ãäå fi � êîý��èöèåíòû, òàêèå ÷òî fi ∈ {0, 1, . . . , k − 1}; | ∗ |k � íàèìåíüøèé íåîòðè-öàòåëüíûé âû÷åò îò ∗ ïî ìîäóëþ k; xiu

u =

{
xiu

u , iu 6= 0,
1, iu = 0. 69



Ëîãè÷åñêèé ïîëèíîì (4) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìîäóëÿðíîé �îðìû àðè�ìå-òè÷åñêîãî ïîëèíîìà, òàê êàê ðåàëèçàöèÿ (4) âûïîëíÿåòñÿ â àðè�ìåòèêå ïðîñòîãîïîëÿ Fk. Ïîíÿòèå ìîäóëÿðíîé �îðìû ìîæåò áûòü îáîáùåíî è äëÿ äðóãèõ çíà÷å-íèé ìîäóëåé, îòëè÷íûõ îò k, ðàñøèðÿþùèõ âûáîð òåõíè÷åñêèõ ñðåäñòâ îáðàáîòêè.Íàïðèìåð èçâåñòíî, ÷òî îïðåäåëåííûå ïðåèìóùåñòâà ïðè òåõíè÷åñêîé ðåàëèçàöèèàðè�ìåòèêè ïðîñòîãî ïîëÿ Fm èìåþò çíà÷åíèÿ ìîäóëÿ m, ÿâëÿþùèåñÿ, íàïðèìåð,÷èñëàìè Ìåðñåííà, Ôåðìà è äð. [11℄.2.2. Ìîäóëÿðíûå �îðìû k-çíà÷íîé ëîãèêèÏð å ä ë îæå í è å 1. Ïóñòü m ≥ k, ãäå k � çíà÷íîñòü ëîãèêè è m ïðîñòîå, òîãäàïðîèçâîëüíàÿ ÔÀË ìîæåò áûòü ïðåäñòàâëåíà àðè�ìåòè÷åñêèì ïîëèíîìîì [12]:
Y = µ(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,(5)ãäå ρi ∈ Zm; xu ∈ Zk; xiu

u =

{
xiu

u , iu 6= 0,
1, iu = 0.Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 1, îïðåäåëÿþùåå ñâÿçü ñ �îðìîé (1), ïðèâåäåíî âÏðèëîæåíèè è ñëåäóåò èç âîçìîæíîñòè ïðåäñòàâëåíèÿ �óíêöèè â �îðìå ïîëèíîìàíàä ïðîñòûì ïîëåì Fm.Ç àì å ÷ à í è å 1. Ñâÿçü àðè�ìåòè÷åñêèõ ïîëèíîìîâ (1) è (5) óñòàíàâëèâàåòñÿ îò-íîøåíèåì ρi = |pi|m.Îïð å ä å ë å í è å 1. Âûðàæåíèå (5) áóäåì íàçûâàòü ìîäóëÿðíîé àðè�ìåòè÷å-ñêîé �îðìîé ïðåäñòàâëåíèÿ k-çíà÷íîé ÔÀË.Ïðèìèòèâíàÿ ïðîöåäóðà (ðèñ. 3) ïîëó÷åíèÿ (5) ñîñòîèò èç äâóõ øàãîâ: 1) âû-÷èñëåíèå àðè�ìåòè÷åñêîãî ïîëèíîìà (1) è 2) îïðåäåëåíèå àðè�ìåòè÷åñêîãî ïîëè-íîìà (5) íà îñíîâàíèè çàìå÷àíèÿ 1. Îñíîâíûå ñõåìû âû÷èñëåíèÿ k-çíà÷íîé ÔÀËïîñðåäñòâîì ìîäóëÿðíîé �îðìû (5) ïðåäñòàâëåíû íà ðèñ. 4 è 5, èç êîòîðûõ ñëåäóåò,÷òî âû÷èñëåíèÿ èç àðè�ìåòèêè ïîëÿ ðàöèîíàëüíûõ ÷èñåë Q ïåðåíåñåíû â ïðîñòîåïîëå Fm. Êðîìå òîãî, ñïðàâåäëèâî ñëåäóþùåå ñâîéñòâî.Ñâ î é ñ ò â î 1. Åñëè äëÿ îäíîé è òîé æå ñèñòåìû k-çíà÷íîé ÔÀË çàäàíû äâààðè�ìåòè÷åñêèõ ïîëèíîìà P (X) (1) è µ(X) (5), à K1 è K2 � ñîîòâåòñòâåííî êî-ëè÷åñòâî ÷ëåíîâ ýòèõ ïîëèíîìîâ, òî K2 ≤ K1.Äàííîå ñâîéñòâî ìîæíî ïîÿñíèòü íà ñëåäóþùèõ ïðèìåðàõ.Ïðèì å ð 2. Âûáåðåì çíà÷åíèÿ k = 2, 3, 4 è n = 2. Îïðåäåëèì ìîäóëü m = 5,âåëè÷èíà êîòîðîãî óäîâëåòâîðÿåò âñåì âûáðàííûì çíà÷åíèÿì k (ò.å. m ≥ k). Èñ-ïîëüçóåì ïîëèíîìû (1) è (5) äëÿ ïðåäñòàâëåíèÿ ñëåäóþùèõ ýëåìåíòàðíûõ ÔÀË:

x = (k − 1) − x � èíâåðñèÿ;
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�èñ. 5. Ñõåìà âû÷èñëåíèÿ çàäàííîé k-çíà÷íîé ÔÀË íàä Fm.
x̂ = |x + 1|k � öèêëè÷åñêîå îòðèöàíèå (x = x ⊕ 1 ïðè k = 2);
x1 ∨ x2 = max(x1, x2) � äèçúþíêöèÿ;
x1 ∧ x2 = min(x1, x2) � êîíúþíêöèÿ;
|x1 + x2|k � ñëîæåíèå ïî ìîäóëþ k (x1 ⊕ x2 ïðè k = 2);
|x1x2|k � óìíîæåíèå ïî ìîäóëþ k (x1 ∧ x2 ïðè k = 2);
x1 ↑ x2 = |(x1 ∨ x2) + 1|k � �óíêöèÿ Âåááà (x1 ∨ x2 = (x1 ∨ x2) ⊕ 1 � �ñòðåëêàÏèðñà� ïðè k = 2);
x1 ↓ x2 = x1 ∧ x2 � �øòðèõ Øå��åðà� ïðè k = 2.�åçóëüòàòû èñïîëüçîâàíèÿ (1) è (5) äëÿ k = 2, 3, 4 ïðåäñòàâëåíû ñîîòâåòñòâåííîâ òàáë. 2�4.Äëÿ ïîÿñíåíèÿ ïðèíöèïà ïðåîáðàçîâàíèÿ ïðåäñòàâëåíèÿ ÔÀË èç (1) â (5) ðàñ-ñìîòðèì ñëåäóþùèé ïðèìåð. 71



Òàáëèöà 2
f(X) P (X) µ(X) ïðè m = 5

xi 1 − xi |1 + 4xi|5

x1 ∧ x2 x1x2 |x1x2|5

x1 ∨ x2 x1 + x2 − x1x2 |x1 + x2 + 4x1x2|5

x1 ⊕ x2 x1 + x2 − 2x1x2 |x1 + x2 + 3x1x2|5

x1 ↓ x2 1 − x1x2 |1 + 4x1x2|5

x1 ↑ x2 1 − x1 − x2 + x1x2 |1 + 4x1 + 4x2 + x1x2|5Òàáëèöà 3
f(X) P (X) µ(X) ïðè m = 5

xi 2 − xi |2 + 4xi|5

x̂i 1 + 5xi/2 − 3x2
i /2

∣∣1 + x2
i

∣∣
5

x1 ∧ x2 5x1x2/2 − x1x
2
2 − x2

1x2 + x2
1x

2
2/2

∣∣4x1x
2
2 + 4x2

1x2 + 3x2
1x

2
2

∣∣
5

|x1 + x2|3 x1 + x2 + 21x1x2/4 − 15x1x
2
2/4−

∣∣x1 + x2 + 4x1x2 + x2
1x

2
2

∣∣
5

−15x2
1x2/4 + 9x2

1x
2
2/4

|x1x2|3 x1x2/4 + 3x1x
2
2/4+

∣∣4x1x2 + 2x1x
2
2+

+3x2
1x2/4 − 3x2

1x
2
2/4 +2x2

1x2 + 3x2
1x

2
2

∣∣
5

x1 ↑ x2 1 + 5x2/2 − 3x2
2/2 + 5x1/2−

∣∣1 + x2
2 + 2x1x2 + 4x1x

2
2+

−7x1x2/4 + x1x
2
2/4 − 3x2

1/2+ +x2
1 + 4x2

1x2 + 4x2
1x

2
2

∣∣
5

+x2
1x2/4 + x2

1x
2
2/4Òàáëèöà 4

f(X) P (X) µ(X) ïðè m = 5

xi 3 − xi |3 + 4xi|5

x̂i 1 − xi/3 + 2x2
i − 2x3

i /3
∣∣1 + 3xi + 2x2

i + x3
i

∣∣
5

x1 ∧ x2 29x1x2/6 − 15x1x
2
2/4−

∣∣4x1x2 + 2x1x
3
2+

−15x2
1x2/4 + 3x1x

3
2/4+ +2x3

1x2 + x2
1x

2
2+

+3x3
1x2/4 + 7x2

1x
2
2/2− +3x2

1x
3
2 + 3x3

1x
2
2 + x3

1x
3
2

∣∣
5

−3x2
1x

3
2/4 − 3x3

1x
2
2/4 + x3

1x
3
2/6

|x1 + x2|4 x1 + x2 − 121x1x2/9+
∣∣x1 + x2 + x1x2 + 3x1x

2
2+

+49x1x
2
2/3 + 49x2

1x2/3− +3x2
1x2 + 3x3

1x2 + 3x1x
3
2+

−38x3
1x2/9 − 38x1x

3
2/9− +x2

1x
2
2 + 3x2

1x
3
2 + 3x3

1x
2
2

∣∣
5

−19x2
1x

2
2 + 14x2

1x
3
2/3+

+14x3
1x

2
2/3 − 10x3

1x
3
2/9

x1 ↑ x2 1 − x2/3 + 2x2
2 − 2x3

2/3−
∣∣1 + 3x2 + 2x2

2 + x3
2+

−x1/3 − 79x1x2/18+ +3x1 + 2x1x2 + x1x
2
2+

+37x1x
2
2/12 − 19x1x

3
2/36+ +x1x

3
2 + 2x2

1 + x2
1x2+

+2x2
1 + 37x2

1x2/12− +x3
1 + x3

1x2 + 3x3
1x

3
1

∣∣
5

−15x2
1x

2
2/6 + 5x2

1x
3
2/12−

−2x3
1/3 − 19x3

1x2/36+
+5x3

1x
2
2/12 − x3

1x
3
2/1872



Ïðèì å ð 3. Ïðè k = 3 ïîëó÷èòü ìîäóëÿðíóþ �îðìó àðè�ìåòè÷åñêîãî ïîëèíî-ìà (5) íà îñíîâå äàííîãî àðè�ìåòè÷åñêîãî ïîëèíîìà âèäà (1) ÔÀË |x1 + x2|k äëÿïðîèçâîëüíîãî m è m = 5 (òàáë. 3):
|x1 + x2|3 =

∣∣∣x1 + x2 + |21|4ϕ(m)−1|m|mx1x2 +
(
m−|15|4ϕ(m)−1|m|m

)
x1x

2
2 +

+
(
m − |15|4ϕ(m)−1|m|m

)
x2

1x2 + |9|4ϕ(m)−1|m|mx2
1x

2
2

∣∣∣
m

=

=
∣∣x1 + x2 + 4x1x2 + x2

1x
2
2

∣∣
5
,ãäå ϕ(m) � �óíêöèÿ Ýéëåðà [13℄.Ïðèì å ð 4. Ïðè k = 3 ïîëó÷èòü ìîäóëÿðíóþ �îðìó àðè�ìåòè÷åñêîãî ïîëèíî-ìà èç ïðèìåðà 2 äëÿ ïðîèçâîëüíîãî m è m = 5:

µ(X) =

∣∣∣∣2 − 4x2 + 2x2
2 − x1 +

11

2
x1x2 − 3x1x

2
2 −

3

2
x2

1x2 + x2
1x

2
2

∣∣∣∣
m

=

=
∣∣∣2 + (m − |4|m)x2 + 2x2

2 + (m − 1)x1 + |11|m2ϕ(m)−1x1x2+

+(m − 3)x1x
2
2 + (m − 3)2ϕ(m)−1x2

1x2 + x2
1x

2
2

∣∣∣
m

=

=
∣∣2 + x2 + 2x2

2 + 4x1 + 3x1x2 + 2x1x
2
2 + x2

1x2 + x2
1x

2
2

∣∣
5
.2.3. Ëîãè÷åñêèå òåîðåòèêî-÷èñëîâûå ïðåîáðàçîâàíèÿ íà k-çíà÷íîé ëîãèêåËîãè÷åñêèå òåîðåòèêî-÷èñëîâûå ïðåîáðàçîâàíèÿ (ËÒ×Ï) íà äâóçíà÷íîé ëîãèêåáûëè ââåäåíû â [7, 14, 8℄. Ââåäåì ïîíÿòèå ìîäóëÿðíîãî áàçèñà ËÒ×Ï íà k-çíà÷íîéëîãèêå. Îáîçíà÷èì êàê Υk è Υ

−1
k áàçîâûå ìàòðèöû ðàçìåðíîñòè k × k ñîîòâåò-ñòâåííî ïðÿìîãî è îáðàòíîãî k-ËÒ×Ï. Ïðè÷åì, åñëè îáîçíà÷èòü ýëåìåíòû áàçîâûõìàòðèö k-ËÄÏÔ Kk è K

−1
k ñîîòâåòñòâåííî êàê kij è k

(−1)
ij , òî ýëåìåíòû υij è υ

(−1)
ijìàòðèö Υk è Υ

−1
k îáðàçóþòñÿ èç ýëåìåíòîâ ìàòðèö Kk è K

−1
k ñîîòâåòñòâåííî êàê

υij = |kij |m è υ
(−1)
ij =

∣∣∣k(−1)
ij

∣∣∣
m
. Òîãäà ìîäóëÿðíûé áàçèñ ËÒ×Ï � ìàòðèöû Υknè Υ

−1
kn � îïðåäåëÿòñÿ êðîíåêåðîâñêèì âîçâåäåíèåì â ñòåïåíü:

Υkn =

∣∣∣∣∣∣

n⊗

j=1

Υk

∣∣∣∣∣∣
m

, Υ
−1
kn =

∣∣∣∣∣∣

n⊗

j=1

Υ
−1
k

∣∣∣∣∣∣
m

,ãäå çàïèñü | · |m îçíà÷àåò, ÷òî âñå àðè�ìåòè÷åñêèå îïåðàöèè ñ ýëåìåíòàìè ìàòðèöâûïîëíÿþòñÿ ïî ìîäóëþ m è ðåçóëüòàò ýòèõ ïðåîáðàçîâàíèé � íàèìåíüøèé íåîòðè-öàòåëüíûé âû÷åò.Ïðèì å ð 5. Çàäàäèì çíà÷åíèÿ ìîäóëÿ m = 5 è m = 7. Òîãäà áàçîâûå ìàòðè-öû Υk è Υ
−1
k äëÿ ðàçëè÷íûõ çíà÷åíèé k áóäóò èìåòü âèä, ïðåäñòàâëåííûéâ òàáë. 5 è 6.Ïð å ä ë îæå í è å 2. Åñëè äëÿ ÔÀË çàäàíà ïàðà ìàòðè÷íûõ ïðåîáðàçîâàíèé

(ËÄÏÔ) (2) è (3) è m ≥ k (m � ïðîñòîå), òî ñïðàâåäëèâû ïðåîáðàçîâàíèÿ:
Ψ = |Rk,nΥknY|

m
,(6)

Y =
∣∣Υ−1

kn Ψ
∣∣
m

,(7) 73



Òàáëèöà 5. �àñ÷åòíûå Υk è Υ
−1
k ïðè m = 5

k Υk Υ
−1
k2 [

1 0
4 1

] [
1 0
1 1

]3 


2 0 0
2 4 4
1 3 1








1 0 0
1 1 1
1 2 4



4 



1 0 0 0
4 3 1 2
1 0 2 2
4 3 2 1









1 0 0 0
1 1 1 1
1 2 4 3
1 3 4 2



5 



4 0 0 0 0
0 1 3 2 4
0 1 4 4 1
0 1 2 3 4
1 1 1 1 1









1 0 0 0 0
1 1 1 1 1
1 2 4 3 1
1 3 4 2 1
1 4 1 4 1



Òàáëèöà 6. �àñ÷åòíûå Υk è Υ
−1
k ïðè m = 7

k Υk Υ
−1
k2 [

1 0
6 1

] [
1 0
1 1

]3 


2 0 0
4 4 6
1 5 1








1 0 0
1 1 1
1 2 4



4 



6 0 0 0
3 4 5 2
6 6 5 4
6 3 4 1









1 0 0 0
1 1 1 1
1 2 4 1
1 3 2 6



5 



3 0 0 0 0
6 5 5 4 1
0 1 2 0 4
4 1 1 0 1
1 3 1 3 1









1 0 0 0 0
1 1 1 1 1
1 2 4 1 2
1 3 2 6 4
1 4 2 1 4



6 



1 0 0 0 0 0
6 2 2 1 4 3
1 0 6 4 4 1
6 5 5 0 5 0
1 0 4 6 6 4
6 5 4 3 2 1









1 0 0 0 0 0
1 1 1 1 1 1
1 2 4 1 2 4
1 3 2 6 4 5
1 4 2 1 4 2
1 5 3 6 2 3



ãäå Rk,n =

∣∣∣∣
1

Nk,n

∣∣∣∣
m

� ìîäóëÿðíàÿ �îðìà íîðìàëèçóþùåãî ìíîæèòåëÿ;Υkn è Υ
−1
kn �ìîäóëÿðíàÿ �îðìà ìàòðèö ñîîòâåòñòâåííî ïðÿìîãî è èíâåðñíîãî àðè�ìåòè÷åñêî-ãî ïðåîáðàçîâàíèÿ ðàçìåðíîñòè kn×kn (áàçèñ ïðåîáðàçîâàíèÿ); S � âåêòîð èñòèííî-ñòè k-çíà÷íîé ÔÀË; Ψ = [ ρ0 ρ1 . . . ρkn

−1 ] � âåêòîð êîý��èöèåíòîâ (ñïåêòð)àðè�ìåòè÷åñêîãî ïîëèíîìà (5).Äëÿ äîêàçàòåëüñòâà ïðåäëîæåíèÿ 2 íåîáõîäèìî ó÷åñòü âçàèìîîäíîçíà÷íîñòü ñâÿ-çè ìåæäó ìàòðè÷íîé (2), (3) è ïîëèíîìèàëüíîé (1) �îðìàìè ïðåäñòàâëåíèÿ ÔÀË [9℄.Òîãäà ñïðàâåäëèâîñòü (6) è (7) âûòåêàåò èç ñïðàâåäëèâîñòè (5).74



Îïð å ä å ë å í è å 2. Ïàðó ïðåîáðàçîâàíèé (6) è (7) áóäåì íàçûâàòü ìîäóëÿðíîé�îðìîé ñîîòâåòñòâåííî ïðÿìîãî è îáðàòíîãî ìàòðè÷íîãî àðè�ìåòè÷åñêîãî ïðå-îáðàçîâàíèÿ èëè ËÒ×Ï íà k-çíà÷íîé ëîãèêå (k-ËÒ×Ï).Ïðèì å ð 6. Ïðîäåìîíñòðèðóåì ïðèìåíåíèå 3-ËÒ×Ï ê óñëîâèÿì, èñïîëüçîâàí-íûì â ïðèìåðå 1. Âûáåðåì ìîäóëü m = 5. Ïðåäâàðèòåëüíî âû÷èñëèì ìàòðèöû Υknè Υ
−1
kn , âîñïîëüçîâàâøèñü òàáë. 5:

Υ32 =

∣∣∣∣∣

[
2 0 0
2 4 4
1 3 1

]
⊗

[
2 0 0
2 4 4
1 3 1

]∣∣∣∣∣
5

=





4 0 0 0 0 0 0 0 0
4 3 3 0 0 0 0 0 0
2 1 2 0 0 0 0 0 0
4 0 0 3 0 0 3 0 0
4 3 3 3 1 1 3 1 1
2 1 2 4 2 4 4 2 4
2 0 0 1 0 0 2 0 0
2 4 4 1 2 2 2 4 4
1 3 1 3 4 3 1 3 1





;

Υ
−1
32 =

∣∣∣∣∣

[
1 0 0
1 1 1
1 2 4

]
⊗

[
1 0 0
1 1 1
1 2 4

]∣∣∣∣∣
5

=





1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
1 2 4 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0
1 1 1 1 1 1 1 1 1
1 2 4 1 2 4 1 2 4
1 0 0 2 0 0 4 0 0
1 1 1 2 2 2 4 4 4
1 2 4 2 4 3 4 3 1





.Ïðÿìîå 3-ËÒ×Ï (2) ñ ó÷åòîì R3,2 = 4 ïðèìåò âèä:
Ψ = |R3,2Υ32Y|5 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

4





4 0 0 0 0 0 0 0 0
4 3 3 0 0 0 0 0 0
2 1 2 0 0 0 0 0 0
4 0 0 3 0 0 3 0 0
4 3 3 3 1 1 3 1 1
2 1 2 4 2 4 4 2 4
2 0 0 1 0 0 2 0 0
2 4 4 1 2 2 2 4 4
1 3 1 3 4 3 1 3 1









2
0
2
1
1
1
0
1
2





∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
5

=





2
1
2
4
3
2
0
1
1





x2

x2
2

x1

x1x2

x1x
2
2

x2
1

x2
1x2

x2
1x

2
2

.Îáðàòíîå ïðåîáðàçîâàíèå (3) áóäåò èìåòü âèä:
Y =

∣∣Υ−1
32 Ψ

∣∣
5

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣





1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
1 2 4 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0
1 1 1 1 1 1 1 1 1
1 2 4 1 2 4 1 2 4
1 0 0 2 0 0 4 0 0
1 1 1 2 2 2 4 4 4
1 2 4 2 4 3 4 3 1









2
1
2
4
3
2
0
1
1





x2

x2
2

x1

x1x2

x1x
2
2

x2
1

x2
1x2

x2
1x

2
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
5

=





2
0
2
1
1
1
0
1
2





.Ìåòîä âû÷èñëåíèÿ ìíîãîçíà÷íûõ ÔÀË íà îñíîâå îäíîìîäóëüíîé àðè�ìåòèêèïîçâîëÿåò ðåàëèçîâàòü ãèáêèå ëîãè÷åñêèå âû÷èñëåíèÿ ñ ïîìîùüþ àïïàðàòóðíûõñðåäñòâ, �óíêöèîíèðóþùèõ ïî òðåáóåìîìó çíà÷åíèþ ìîäóëÿ (à íå ïî �æåñòêî�çàäàííîìó ìîäóëþ k). �àçìåðíîñòü ïðîìåæóòî÷íûõ ðåçóëüòàòîâ ïðè èñïîëüçîâà-íèè ìîäóëÿðíûõ �îðì óìåíüøàåòñÿ, ÷òî ïîçâîëÿåò îòêàçàòüñÿ îò èñïîëüçîâàíèÿàðè�ìåòèêè ìíîãîêðàòíîé òî÷íîñòè è ñîêðàòèòü âðåìÿ ëîãè÷åñêèõ âû÷èñëåíèé.�àñïðîñòðàíèì ìåòîä ðåàëèçàöèè îäíîé ÔÀË àðè�ìåòè÷åñêèìè ïîëèíîìàìè íàñëó÷àé ðåàëèçàöèè ñèñòåìû ÔÀË. 75



3. �åàëèçàöèÿ ñèñòåìû ëîãè÷åñêèõ �óíêöèé àðè�ìåòè÷åñêèì ïîëèíîìîì,ïîñòðîåííûì ïî ïðèíöèïó �âçâåøèâàíèÿ�Ïóñòü äàíà d-âûõîäíàÿ k-çíà÷íàÿ ÔÀË f(X) (ñèñòåìà ÔÀË) îò n ïåðåìåííûõ
X = x1, x2, . . . , xn:

y1 = f1(X), y2 = f2(X), . . . , yd = fd(X),(8)ãäå yj � çíà÷åíèå, ïðèíèìàåìîå j-é ÔÀË fj(X); xi, yj ∈{0, 1, . . . , k − 1} (i=1, 2, . . . , n;
j = 1, 2, . . . , d).Èçâåñòåí ñïîñîá ðåàëèçàöèè ñèñòåì k-çíà÷íûõ ÔÀË ñ ïîìîùüþ àðè�ìåòè÷åñêîãîïîëèíîìà:

D = D(X) =

kn
−1∑

i=0

ci xi1
1 xi2

2 . . . xin

n ,(9)ãäå ci ∈ Q; D � ÷èñëîâîå çíà÷åíèå, ïðèíèìàåìîå ïîëèíîìîì D(X).Ïðîöåäóðà ïîñòðîåíèÿ ïîëèíîìà (9) àíàëîãè÷íà ïðîöåäóðå ïîñòðîåíèÿ àðè�-ìåòè÷åñêîãî ïîëèíîìà ïðåäñòàâëåíèÿ ñèñòåì áóëåâûõ �óíêöèé [9℄ è ïðèâåäåíà âÏðèëîæåíèè. Äëÿ ñëó÷àÿ ðåàëèçàöèè ñèñòåìû ÔÀË ñ ïîìîùüþ ËÄÏÔ (2) è (3)ïðèìåò âèä:
C = N−1

k,nKknD,(10)
D = K

−1
kn C,(11)ãäå Nk,n � íîðìàëèçóþùèé ìíîæèòåëü; Kkn è K

−1
kn � ñîîòâåòñòâåííî ìàòðèöû ïðÿ-ìîãî è èíâåðñíîãî àðè�ìåòè÷åñêîãî ïðåîáðàçîâàíèÿ ðàçìåðíîñòè kn × kn (áàçèñïðåîáðàçîâàíèÿ); D � âåêòîð èñòèííîñòè k-çíà÷íîé ÔÀË;

D = [Yd|Yd−1| . . . |Y1]
T =

[
D(0)D(1) . . . D(kn

−1)
]T

,ãäå Yi =
[

Y
(0)
i Y

(1)
i . . . Y

(kn
−1)

i

]T � âåêòîð èñòèííîñòè i-é ÔÀË fi(X); D(j) �÷èñëîâîå çíà÷åíèå, ïðèíèìàåìîå d-âûõîäíîé k-çíà÷íîé ÔÀË f(X) íà j-ì íàáîðåàðãóìåíòîâ òàáëèöû èñòèííîñòè; C = [ c0 c1 . . . ckn
−1 ] � âåêòîð êîý��èöèåíòîâ(ñïåêòð) àðè�ìåòè÷åñêîãî ïîëèíîìà (9).Åñëè ðåçóëüòàò âû÷èñëåíèÿ (9) ïîëó÷èòü â k-è÷íîé ñèñòåìå ñ÷èñëåíèÿ, òî îí áó-äåò ïðåäñòàâëÿòü ñîáîé êîðòåæ çíà÷åíèé èñêîìûõ ÔÀË yd(X)⊙yd−1(X)⊙· · ·⊙y1(X)(⊙ � ðàçäåëèòåëüíûé çíàê), èíòåðïðåòèðóåìûé êàê êîä öåëîãî íåîòðèöàòåëüíîãî÷èñëà (yd yd−1 . . . y1)k = D =

d∑
j=1

yjk
j−1.Â òàáë. 7 äàí ïðèìåð ÷èñëîâîãî çàäàíèÿ 2-âûõîäíîé 3-çíà÷íîé ÔÀË f(X). �åà-ëèçàöèÿ ñèñòåìû ÔÀË ìîæåò áûòü îñóùåñòâëåíà àíàëîãè÷íî ïðèíöèïàì, óñòàíàâ-ëèâàåìûì ñõåìàìè âû÷èñëåíèÿ äëÿ îäíîé ÔÀË (ðèñ. 1 è 2). Îäíàêî â ñèëó òîãî, ÷òîÒàáëèöà 7. Ïðèìåð ÷èñëîâîãî çàäàíèÿ ñèñòåìû èç äâóõ 3-çíà÷íûõ ÔÀË

j x1 x2 y2 y1 D(j) (äåñÿòè÷íàÿ çàïèñü)0 0 0 2 1 71 0 1 0 2 22 0 2 2 2 83 1 0 1 1 44 1 1 1 0 35 1 2 1 0 36 2 0 0 2 27 2 1 1 2 58 2 2 2 1 776
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�èñ. 6. Ñòðóêòóðà ïàðàëëåëüíîãî àëãîðèòìà �èçâëå÷åíèÿ� çíà÷åíèé
y1, y2, . . . , yd ÔÀË èç ðåçóëüòàòà âû÷èñëåíèÿ àðè�ìåòè÷åñêîãî ïî-ëèíîìîìà (9).ðåçóëüòàò D îáû÷íî ïðåäñòàâëåí â äâîè÷íîé ñèñòåìå ñ÷èñëåíèÿ, äîïîëíèòåëüíî ïðè-ìåíÿåòñÿ îïåðàòîð ìàñêèðîâàíèÿ Ξt{D}, ñëóæàùèé äëÿ îïðåäåëåíèÿ t-ãî ðàçðÿäà(âûõîäà) k-è÷íîãî ïðåäñòàâëåíèÿ D = (yd . . . yt . . . y1)k, ò.å. Ξt{D} = yt.Åñëè äëÿ âû÷èñëåíèÿ îïåðàòîðà Ξt{D} èñïîëüçîâàòü �îðìóëó
Ξt{D} =

∣∣∣∣

⌊
D

kt

⌋∣∣∣∣
k

,(12)òî ñòðóêòóðà ïðîöåäóðû �èçâëå÷åíèÿ� çíà÷åíèé ÔÀË èç ðåçóëüòàòà âû÷èñëåíèÿàðè�ìåòè÷åñêîãî ïîëèíîìà (9) áóäåò ñîäåðæàòü òðè ñòóïåíè (ðèñ. 6).Íåäîñòàòêè (9) àíàëîãè÷íû íåäîñòàòêàì ïîëèíîìà (1) è çàêëþ÷àþòñÿ â âûñîêîéñëîæíîñòè ïðåäñòàâëåíèÿ (9). Äëÿ èõ îñëàáëåíèÿ òàê æå, êàê è â ñëó÷àå ðåàëèçàöèèîäíîé ÔÀË, ïðèìåíèìû ìåòîäû ìîäóëÿðíîé àðè�ìåòèêè.Ïð å ä ë îæå í è å 3. Åñëè m ≥ kd, ãäå kd − 1, � ìàêñèìàëüíîå çíà÷åíèå, ïðèíè-ìàåìîå D, òî ïðîèçâîëüíûé êîðòåæ k-çíà÷íûõ ÔÀË ìîæåò áûòü ïðåäñòàâëåíàðè�ìåòè÷åñêèì ïîëèíîìîì:
D = M(X) =

∣∣∣∣∣

kn
−1∑

i=0

ωi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,(13)ãäå ωi = |ci|m (i = 0, 1, . . . , kn − 1).Â êà÷åñòâå äîêàçàòåëüñòâà ïðåäëîæåíèÿ 3 â Ïðèëîæåíèè ïðèâåäåíà ïðîöåäóðà ïî-ñòðîåíèÿ (13).Èñïîëüçóÿ àíàëîãèè ñ k-ËÒ×Ï (6) è (7) äëÿ ñëó÷àÿ îäíîé ÔÀË è ñ k-ËÄÏÔ äëÿñëó÷àÿ ñèñòåìû ÔÀË (14) è (15), k-ËÒ×Ï äëÿ ñëó÷àÿ ñèñòåìû ÔÀË (8) ïðèìåò77
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�èñ. 7. Òåîðåòè÷åñêèé âûèãðûø (êîëè÷åñòâî ðàç) � óìåíüøåíèå ìàê-ñèìàëüíîé ðàçìåðíîñòè (êîëè÷åñòâà áèò) êîý��èöèåíòîâ àðè�ìåòè-÷åñêîãî ïîëèíîìà äëÿ k = 2 è k = 3 �îðìû (5) ïî ñðàâíåíèþ ñ �îð-ìîé (1).78



âèä:
Ω = |Rk,nΥknD|

m
,(14)

D =
∣∣Υ−1

kn Ω
∣∣
m

,(15)ãäå Rk,n =

∣∣∣∣
1

Nk,n

∣∣∣∣
m

� ìîäóëÿðíàÿ �îðìà íîðìàëèçóþùåãî ìíîæèòåëÿ; Υkn è Υ
−1
kn �ìîäóëÿðíàÿ �îðìà ìàòðèö ñîîòâåòñòâåííî ïðÿìîãî è èíâåðñíîãî àðè�ìåòè÷åñêî-ãî ïðåîáðàçîâàíèÿ ðàçìåðíîñòè kn × kn (áàçèñ ïðåîáðàçîâàíèÿ); D � âåêòîð èñ-òèííîñòè k-çíà÷íîé ÔÀË; D = [Yd|Yd−1| . . . |Y1]

T =
[
D(0)D(1) . . . D(kn

−1)
]T

, ãäå
Yi =

[
Y

(0)
i Y

(1)
i . . . Y

(kn
−1)

i

]T � âåêòîð èñòèííîñòè i-é ÔÀË fi(X); D(j) � ÷èñ-ëîâîå çíà÷åíèå, ïðèíèìàåìîå d-âûõîäíîé k-çíà÷íîé ÔÀË f(X) íà j-ì íàáîðå àð-ãóìåíòîâ òàáëèöû èñòèííîñòè; Ω = [ ω0 ω1 . . . ωkn
−1 ] � âåêòîð êîý��èöèåíòîâ(ñïåêòð) àðè�ìåòè÷åñêîãî ïîëèíîìà (13).Äëÿ ñðàâíåíèÿ ìàêñèìàëüíîé ðàçìåðíîñòè êîý��èöèåíòîâ ïîëèíîìîâ (1) è (5)íåîáõîäèìî ïðîàíàëèçèðîâàòü ñòðóêòóðó ìàòðèö Kkn è K

−1
kn â (2) è (3). Ïðè k = 2ñîãëàñíî [8℄ ìàêñèìàëüíûé êîý��èöèåíò ðåçóëüòèðóþùåãî ïîëèíîìà áóäåò äàâàòüíèæíÿÿ ñòðîêà ìàòðèö K2n è K

−1
2n ïðåîáðàçîâàíèÿ è ðàçìåðíîñòü ìàêñèìàëüíîãîêîý��èöèåíòà ñîñòàâèò n + d äâîè÷íûõ ðàäçðÿäà. Ó÷èòûâàÿ, ÷òî äëÿ ïðåäñòàâ-ëåíèÿ êîý��èöèåíòîâ ìîäóëÿðíîé �îðìû àðè�ìåòè÷åñêîãî ïîëèíîìà ïîòðåáóåòñÿ

⌈log2 m⌉ (⌈x⌉ � íàèìåíüøåå öåëîå ÷èñëî, ðàâíîå èëè ïðåâûøàþùåå x) äâîè÷íûõðàçðÿäà, ïðè m = 2d âûèãðûø ìîäóëÿðíîé �îðìû àðè�ìåòè÷åñêîãî ïîëèíîìà ïîêîëè÷åñòâó äâîè÷íûõ ðàçðÿäîâ ïðåäñòàâëåíèÿ ìàêñèìàëüíîãî êîý��èöèåíòà ñîñòà-âèò n

d
+ 1 ðàç. Ïðè k = 3 ýòîò âûèãðûø ñîñòàâèò 3n

⌈log2 3d⌉
ðàç. Èç ðèñ. 7 ìîæíîâèäåòü, ÷òî ïðåèìóùåñòâà ìîäóëÿðíûõ �îðì ñ óâåëè÷åíèåì k âîçðàñòàþò.Ñõåìû ðåàëèçàöèè ñèñòåìû ÔÀË ïîñðåäñòâîì (13) àíàëîãè÷íû ñõåìàì ðåàëèçà-öèè äëÿ îäíîé ÔÀË (ðèñ. 4 è 5).Äëÿ ïîëó÷åíèÿ îêîí÷àòåëüíîãî ðåçóëüòàòà äîëæåí áûòü èñïîëüçîâàí óïîìÿíó-òûé âûøå îïåðàòîð ìàñêèðîâàíèÿ, äëÿ âû÷èñëåíèÿ êîòîðîãî ïîòðåáóåòñÿ òðè ñòó-ïåíè ïðåîáðàçîâàíèÿ (ðèñ. 6).4. Ñèíòåç àðè�ìåòè÷åñêîãî ïîëèíîìà äëÿ ðåàëèçàöèè ñèñòåì

k-çíà÷íûõ �óíêöèé ñ ïîìîùüþ Êèòàéñêîé òåîðåìû îá îñòàòêàõÊàê ñëåäóåò èç (12) è ðèñ. 6, äëÿ ðåàëèçàöèè îïåðàòîðà Ξt{Y } òðåáóåòñÿ âû-ïîëíèòü òðè îïåðàöèè: äåëåíèå, îêðóãëåíèå è íàõîæäåíèå íàèìåíüøåãî íåîòðèöà-òåëüíîãî âû÷åòà. Ýòî îáñòîÿòåëüñòâî óìåíüøàåò ñêîðîñòü âû÷èñëåíèé íà íàèáîëååêðèòè÷íîì ýòàïå � ðåàëèçàöèè ÔÀË. �àññìîòðèì àëüòåðíàòèâíûé ïðèíöèï ïîñòðî-åíèÿ àðè�ìåòè÷åñêîãî ïîëèíîìà, íà îñíîâàíèè Êèòàéñêîé òåîðåìû îá îñòàòêàõ.Â ñîîòâåòñòâèè ñ Êèòàéñêîé òåîðåìîé îá îñòàòêàõ [15, 13℄ ïðè gcd(mi, mj) = 1
(i 6= j, i, j = 1, 2, . . . , d) ñèñòåìà óðàâíåíèé ïåðâîé ñòåïåíè (÷àñòíûé ñëó÷àé):
|A|m1

= φ1, |A|m2
= φ2, . . . , |A|md

= φd èìååò åäèíñòâåííîå ðåøåíèå A òàêîå, ÷òî
0 ≤ A < m = m1m2 . . . md.�åøåíèå ñèñòåìû óðàâíåíèé, ïðåäëàãàåìîå Êèòàéñêîé òåîðåìîé îá îñòàòêàõ, âñîâðåìåííîé òðàêòîâêå [15, 13℄ ñîñòîèò â âû÷èñëåíèè âûðàæåíèÿ:

A = |φ1B1 + φ2B2 + . . . + φdBd|m ,(16)ãäå Bi = qimm−1
i ; qi íàõîäèòñÿ èç ñðàâíåíèÿ qimm−1

i ≡ 1 (mod mi) (i = 1, 2, . . . , d).79



Ïóñòü äàíà ñèñòåìà d ÔÀË: f1(X), f2(X), . . . , fd(X), ãäå ki � çíà÷íîñòü i-é ÔÀË,è ïîñòàâëåííàÿ â ñîîòâåòñòâèå èì ñèñòåìà àðè�ìåòè÷åñêèõ ïîëèíîìîâ âèäà (5):
µ1(X), µ2(X), . . . , µd(X).Ïð å ä ë îæå í è å 4. Åñëè äàíû ïðîñòûå ìîäóëè m1, m2, . . . , md (â îáùåì ñëó-÷àå ïîðÿäîê ñëåäîâàíèÿ ïðîèçâîëåí) òàêèå, ÷òî mi ≥ kt (i, t = 1, 2, . . . , d), òî ïðî-èçâîëüíûé êîðòåæ k-çíà÷íûõ ÔÀË ìîæåò áûòü ïðåäñòàâëåí àðè�ìåòè÷åñêèìïîëèíîìîì:

T = Θ(X) =

∣∣∣∣∣

kn
−1∑

i=0

ζi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,(17)ãäå 0 ≤ ζi < m, ïðè÷åì äëÿ �èçâëå÷åíèÿ� çíà÷åíèÿ i-é ÔÀË yi èç ðåçóëüòàòà âû-÷èñëåíèÿ ïîëèíîìà (17) äîñòàòî÷íî âû÷èñëèòü çíà÷åíèå íàèìåíüøåãî íåîòðèöà-òåëüíîãî âû÷åòà îò ýòîãî ðåçóëüòàòà ïî ñîîòâåòñòâóþùåìó íîìåðó ìîäóëÿ mi:
y1 = |T |m1

, y2 = |T |m2
, . . . , yd = |T |md

.Äîê à ç à ò å ë ü ñ ò â î . Âûáðàííûå â ïðåäëîæåíèè 4 ìîäóëè m1, m2, . . . , md óäîâ-ëåòâîðÿþò óñëîâèþ gcd(mi, mj) = 1 (i 6= j, i, j = 1, 2, . . . , d), òàê êàê óêàçàíî,÷òî îíè ÿâëÿþòñÿ ïðîñòûìè ÷èñëàìè. Óñëîâèå îäíîçíà÷íîñòè ìîäóëÿðíîãî êîäè-ðîâàíèÿ äëÿ êàæäîé ÔÀË, îïðåäåëåííîå ïðåäëîæåíèåì 1, ñîáëþäåíî òðåáîâàíèåì
mi ≥ kt (i, t = 1, 2, . . . , d). Ýòî æå òðåáîâàíèå îáåñïå÷èâàåò óñëîâèå 0 ≤ A < m =
= m1m2 . . . md.Áóäåì îòîæäåñòâëÿòü ïîëèíîìû µ1(X), µ2(X), . . . , µd(X) ñ âû÷åòàìè φ1, φ2, . . .
. . . , φd â �îðìóëå (16), ãäå m = m1m2 . . . md. �àññìîòðèì ñëåäóþùóþ ïðîöåäóðó.Ïðîö å ä ó ð à 1.Øà ã 1. Ïîñòðîåíèå ïîëèíîìîâ âèäà (5) äëÿ ïðåäñòàâëåíèÿ êàæäîé ÔÀË:

µ1(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρ1, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m1

,

µ2(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρ2, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m2

,...
µd(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρd, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
mdè çàïèñü â âèäå:

µ∗

1(X) =
kn

−1∑

i=0

ρ1, i xi1
1 xi2

2 . . . xin

n ,

µ∗

2(X) =

kn
−1∑

i=0

ρ2, i xi1
1 xi2

2 . . . xin

n ,...
µ∗

d(X) =
kn

−1∑

i=0

ρd, i xi1
1 xi2

2 . . . xin

n .80



Øàã 2. Âûïîëíåíèå ìîäóëÿðíûõ óìíîæåíèé:
|B1µ

∗

1(X)|m =

kn
−1∑

i=0

ζ∗1, i xi1
1 xi2

2 . . . xin

n ,

|B2µ
∗

1(X)|m =
kn

−1∑

i=0

ζ∗2, i xi1
1 xi2

2 . . . xin

n ,...
|Bdµ

∗

1(X)|m =

kn
−1∑

i=0

ζ∗d, i xi1
1 xi2

2 . . . xin

n ,ãäå ζ∗j, i(X) = |Bjρj, i|m, i = 0, 1, . . . , kn −1; j = 1, . . . , d (÷èñëà Bi îãîâîðåíû âûøå).Øàã 3.
Θ(X) =

∣∣∣∣∣∣

kn
−1∑

i=0

d∑

j=1

ζ∗j, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣∣
m

=

∣∣∣∣∣

kn
−1∑

i=0

ζi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,ãäå ζi =
∑d

j=1 ζ∗j, i (i = 0, 1, . . . , kn − 1).Êîððåêòíîñòü âû÷èñëåíèé â êîíå÷íîì ïîëå îáåñïå÷èâàåòñÿ ñîáëþäåíèåì óñëîâèÿïðîñòîòû ìîäóëåé.Îïð å ä å ë å í è å 3. Âûðàæåíèå (17) áóäåì íàçûâàòü ÊÒÎ-�îðìîé (ÊÒÎ � Êè-òàéñêàÿ òåîðåìà îá îñòàòêàõ).Ïðèì å ð 7. �àññìîòðèì ïðèìåíåíèå ïðåäëîæåíèÿ 4 äëÿ ñëó÷àÿ ðåàëèçàöèèäâóõ 3-çíà÷íûõ ÔÀË, âåêòîðû çíà÷åíèé êîòîðûõ ïðè n = 2, èìåþò âèä:
S1 = [ 0 0 2 2 1 1 0 0 2 ]

T
,

S2 = [ 2 0 2 1 1 1 0 1 2 ]
T

.Èì ñîîòâåòñòâóþò àðè�ìåòè÷åñêèå ïîëèíîìû âèäà (1):
P1(X) = −x2 + x2

2 + 4x1 − x1x2 − x1x
2
2 − 2x2

1 +
1

2
x2

1x2 +
1

2
x2

1x
2
2,

P2(X) = 2 − 4x2 + 2x2
2 − x1 +

11

2
x1x2 − 3x1x

2
2 −

3

2
x2

1x2 + x2
1x

2
2.Â ñîîòâåòñòâèè ñ ïðåäëîæåíèåì 4 âûáåðåì ìîäóëè: m1 = 3, m2 = 5. Òîãäà m =

= m1m2 = 15, çíà÷åíèÿ êîíñòàíò B1 è B2 â ñîîòâåòñòâèè ñ (16) ñîñòàâÿò:
B1 =

q1m

m1
=

2 · 15

3
= 10, B2 =

q2m

m2
=

2 · 15

5
= 6.Ïðèìåíåíèå ïðîöåäóðû 1 â ýòîì ñëó÷àå áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:Øàã 1. Ïîñòðîåíèå ïîëèíîìîâ âèäà (5) (ïðèìåð 6):

µ1(X) =
∣∣2x2 + x2

2 + x1 + 2x1x2 + 2x1x
2
2 + x2

1 + 2x2
1x2 + 2x2

1x
2
2

∣∣
3
,

µ2(X) =
∣∣2 + x2 + 2x2

2 + 4x1 + 3x1x2 + 2x1x
2
2 + x2

1x2 + x2
1x

2
2

∣∣
5è çàïèñü èõ â �íåìîäóëÿðíîì� âèäå:

µ∗

1(X) = 2x2 + x2
2 + x1 + 2x1x2 + 2x1x

2
2 + x2

1 + 2x2
1x2 + 2x2

1x
2
2,

µ∗

2(X) = 2 + x2 + 2x2
2 + 4x1 + 3x1x2 + 2x1x

2
2 + x2

1x2 + x2
1x

2
2. 81
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ò‡„ 1

�èñ. 8. Ñòðóêòóðà ïàðàëëåëüíîãî àëãîðèòìà �èçâëå÷åíèÿ� çíà÷åíèé
y1, y2, . . . , yd ÔÀË èç ðåçóëüòàòà âû÷èñëåíèÿ àðè�ìåòè÷åñêîãî ïî-ëèíîìîìà (17).Øàã 2. Âûïîëíåíèå ìîäóëÿðíûõ óìíîæåíèé:
|10µ∗

1(X)|15 = |10 · 2|15x2 + 10x2
2 + 10x1 + |10 · 2|15x1x2 +

+ |10 · 2|15x1x
2
2 + 10x2

1 + |10 · 2|15x
2
1x2 + |10 · 2|15x

2
1x

2
2 =

= 5x2 + 10x2
2 + 10x1 + 5x1x2 + 5x1x

2
2 + 10x2

1 + 5x2
1x2 + 5x2

1x
2
2,

|6µ∗

1(X)|15 = |6 · 2|15 + 6x2 + |6 · 2|15x
2
2 + |6 · 4|15x1 +

+ |6 · 3|15x1x2 + |6 · 2|15x1x
2
2 + 6x2

1x2 + 6x2
1x

2
2 =

= 12 + 6x2 + 12x2
2 + 9x1 + 3x1x2 + 12x1x

2
2 + 6x2

1x2 + 6x2
1x

2
2.Øàã 3.

Θ(X) = |0 + 12|15 + |5 + 6|15x2 + |10 + 12|15x
2
2 +

+ |10 + 9|15x1 + |5 + 3|15x1x2 + |5 + 12|1512x1x
2
2 +

+ |10 + 0|15x
2
1 + |5 + 6|15x

2
1x2 + |5 + 6|15x

2
1x

2
2.Òàêèì îáðàçîì,

Θ(X) = 12 + 11x2 + 7x2
2 + 4x1 + 8x1x2 + 2x1x

2
2 + 10x2

1 + 11x2
1x2 + 11x2

1x
2
2.Äëÿ ïðîâåðêè ðàññìîòðèì äâà ñëó÷àÿ. Ïåðâûé ñëó÷àé: x1 = 0 è x2 = 0 (ïåðâàÿñòðîêà òàáëèöû èñòèííîñòè). Âòîðîé ñëó÷àé: x1 = 2 è x2 = 2 (ïîñëåäíÿÿ ñòðîêàòàáëèöû èñòèííîñòè). Â ïåðâîì ñëó÷àå ïîëó÷èì Θ(X) = |12|15 = 12. �åçóëüòàò (ñì.èñõîäíûå óñëîâèÿ):

y1 = |12|3 = 0, y2 = |12|5 = 2.82



Âî âòîðîì ñëó÷àå:
Θ(X) =

∣∣12 + |11 · 2|15 + |7 · 22|15 + |4 · 2|15 + |8 · 2 · 2|15 + |2 · 2 · 22|15+

+|10 · 22|15 + |11 · 22 · 2|15 + |11 · 22 · 22|15
∣∣
15

=

= |12 + 7 + 13 + 8 + 2 + 1 + 10 + 13 + 11|15 = |77|15 = 2.�åçóëüòàò:
y1 = |2|3 = 2, y2 = |2|5 = 2.Â îòëè÷èå îò ðèñ. 4 è ðèñ. 5 âû÷èñëåíèÿ ïîñðåäñòâîì (17) îñóùåñòâëÿþòñÿ âêîíå÷íîì êîëüöå Zm.Ê íåäîñòàòêàì (17) ìîæíî îòíåñòè áîëåå ñëîæíóþ ïðîöåäóðó �îðìèðîâàíèÿïîëèíîìà (ñì. äîêàçàòåëüñòâî). Îäíàêî ýòîò íåäîñòàòîê íå ñêàçûâàåòñÿ ïðè èñïîëü-çîâàíèè âòîðîé ñõåìû âû÷èñëåíèÿ ÔÀË, àíàëîãè÷íîé ðèñ. 5.Äîñòîèíñòâîì (17) ÿâëÿåòñÿ áîëåå ïðîñòàÿ ñõåìà ïîëó÷åíèÿ îêîí÷àòåëüíîãîðåçóëüòàòà (ðèñ. 8), êîòîðàÿ áóäåò ñîñòîÿòü èç îäíîãî ýòàïà â ïðîòèâîïîëîæíîñòüòðåõýòàïíîìó ïðåîáðàçîâàíèþ (ðèñ. 6) â ñîîòâåòñòâèè ñ (12).5. Çàêëþ÷åíèåÏîëó÷åíî îáîáùåíèå ìîäóëÿðíûõ �îðì àðè�ìåòè÷åñêèõ ïîëèíîìîâ íà îáëàñòüïðåäñòàâëåíèÿ �óíêöèé è ñèñòåì �óíêöèé k-çíà÷íîé ëîãèêè. Ââåäåíû òåîðåòèêî-÷èñëîâûå ïðåîáðàçîâàíèÿ íà k-çíà÷íîé ëîãèêå. Ïðè ýòîì äîñòèãàåòñÿ ðÿä ïðåèìó-ùåñòâ, âàæíûõ äëÿ ðåøåíèÿ âîïðîñîâ òåõíè÷åñêîé ðåàëèçàöèè ïàðàëëåëüíûõ ëî-ãè÷åñêèõ âû÷èñëåíèé. Òàê, ïðèìåíåíèå ìîäóëÿðíûõ �îðì ïîçâîëèëî ñóùåñòâåííîîãðàíè÷èòü ðàçìåðíîñòü êîý��èöèåíòîâ àðè�ìåòè÷åñêîãî ïîëèíîìà è ðàñ÷åòíûõïðîìåæóòî÷íûõ ðåçóëüòàòîâ; âû÷èñëåíèÿ èç àðè�ìåòèêè ïîëÿ ðàöèîíàëüíûõ ÷è-ñåë Q ïåðåíåñåíû â öåëî÷èñëåííóþ àðè�ìåòèêó ïðîñòîãî ïîëÿ Fm. Ïðåäëîæåí íî-âûé ñïîñîá ïðåäñòàâëåíèÿ ñèñòåì k-çíà÷íûõ ÔÀË îäíèì àðè�ìåòè÷åñêèì ïîëè-íîìîì, îñíîâàííûé íà ïðèìåíåíèè Êèòàéñêîé òåîðåìû îá îñòàòêàõ. Â îòëè÷èå îòèçâåñòíûõ ñïîñîáîâ, èñïîëüçóþùèõ ïðèíöèï �âçâåøèâàíèÿ�, äàííûé ñïîñîá èìååòïðåèìóùåñòâà ïî ñëîæíîñòè ðåàëèçàöèè ÔÀË.�àññìîòðåíû ïðîöåäóðû ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ ìîäóëÿðíûõ �îðì, ïðè-ãîäíûå äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ. Ï�ÈËÎÆÅÍÈÅÄîê à ç à ò å ë ü ñ ò â î ï ð å ä ë îæ å í è ÿ 1 . Ïóñòü äàí àðè�ìåòè÷åñêèé ïîëèíîì

P (X) (1). Òîãäà ñîãëàñíî òåîðèè ñðàâíåíèé [13℄ ñïðàâåäëèâî:
|Y |m =

∣∣∣∣∣

kn
−1∑

i=0

pi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

=

∣∣∣∣∣

kn
−1∑

i=0

|pi|m xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

.(18)Íî ïðè óñëîâèè Y < m (Y íåîòðèöàòåëüíîå) âûïîëíÿåòñÿ |Y |m = Y . Ñëåäîâàòåëüíî,ïðè Y < m:
Y =

∣∣∣∣∣

kn
−1∑

i=0

|pi|m xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

=

∣∣∣∣∣

kn
−1∑

i=0

ρi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,(19)ãäå ρi = |pi|m. 83



Ïðîö å ä ó ð à ï î ñ ò ð î å í è ÿ ï î ë è í îì à (9):Øàã 1. Ïîñòàâèì â ñîîòâåòñòâèå ñèñòåìå ÔÀË f1(X), f2(X), . . . , fd(X) àðè�-ìåòè÷åñêèå ïîëèíîìû âèäà (1):
P1(X) =

kn
−1∑

i=0

p1, i xi1
1 xi2

2 . . . xin

n ,

P2(X) =

kn
−1∑

i=0

p2, i xi1
1 xi2

2 . . . xin

n ,...
Pd(X) =

kn
−1∑

i=0

pd, i xi1
1 xi2

2 . . . xin

n .Øàã 2. Óìíîæèì ýòè ïîëèíîìû íà âåñà kj−1 (j = 1, 2, . . . , d):
P ∗

1 (X) = k0P1(X) =
kn

−1∑

i=0

p∗1, i xi1
1 xi2

2 . . . xin

n ,

P ∗

2 (X) = k1P2(X) =

kn
−1∑

i=0

p∗2, i xi1
1 xi2

2 . . . xin

n ,...
P ∗

d (X) = kd−1Pd−1(X) =
kn

−1∑

i=0

p∗d, i xi1
1 xi2

2 . . . xin

n ,ãäå p∗j, i = kj−1pj,i (j = 1, 2, . . . , d; i = 0, 1, . . . , kn − 1).Øàã 3. Ïîëó÷åíèå àðè�ìåòè÷åñêîãî ïîëèíîìà
D(X) =

kn
−1∑

i=0

d∑

j=1

p∗j, i xi1
1 xi2

2 . . . xin

n =
kn

−1∑

i=0

ci xi1
1 xi2

2 . . . xin

n ,ãäå ci =
d∑

j=1

p∗j, i (i = 0, 1, . . . , kn − 1).Ïðîö å ä ó ð à ï î ñ ò ð î å í è ÿ ï î ë è í îì à (13):Øàã 1. Ïîñòàâèì ñèñòåìå d ÔÀË f1(X), f2(X), . . . , fd(X) â ñîîòâåòñòâèå àðè�-ìåòè÷åñêèå ïîëèíîìû âèäà (5):
µ1(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρ1, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,

µ2(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρ2, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,...
µd(X) =

∣∣∣∣∣

kn
−1∑

i=0

ρd, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m
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Øàã 2. Íàéäåì ìîäóëÿðíûå ïðîèçâåäåíèÿ:
|l0µ1(X)|m =

∣∣∣∣∣

kn
−1∑

i=0

ρ∗1, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,

|l1µ1(X)|m =

∣∣∣∣∣

kn
−1∑

i=0

ρ∗1, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,...
|ld−1µ1(X)|m =

∣∣∣∣∣

kn
−1∑

i=0

ρ∗1, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,ãäå ρ∗j, i = |lj−1ρj, i|m; lj−1 =
∣∣kj−1

∣∣
m
; (j = 1, 2, . . . , d; i = 0, 1, . . . , kn − 1).Øàã 3.

M(X) =

∣∣∣∣∣∣

kn
−1∑

i=0

d∑

j=1

ρ∗j, i xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣∣
m

=

∣∣∣∣∣

kn
−1∑

i=0

ωi xi1
1 xi2

2 . . . xin

n

∣∣∣∣∣
m

,ãäå ωi =
d∑

j=1
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